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I. INTRODUCTION 

In quantum information theory, a fundamental task is 
to distinguish two quantum states. One of the main tools 
used in distinguishability theory is trace metric, another 
closed related tool is quantum fidelity [1, 2]. Both are 
widely used by the quantum information science commu- 
nity and have been found applications in a number of 
problems such as quantifying entanglement [3, 4], quan- 
tum error correction [5] , quantum chaos [6] , and quantum 
phase transitions [7] . 

Suppose p and a are two quantum states, then the 
Uhlmann-Jozsa fidelity [1, 2] between p and er is given 
by 



F(p,<r) = [Tr\Jp2ap2] 



(1) 



We know that for the case of qubits, Uhlmann-Jozsa 
fidelity has a simple form. From the Bloch sphere rep- 
resentation of quantum states, a qubit is described by a 
density matrix as: 



(2) 



where I is the 2x2 unit matrix and a — (<ri, (T2, (T3) are 
the Pauli matrices. Assume p(u) and p(v) are two states 
of one qubit, then they can represented by two vectors u 
and v in the Bloch sphere. The Uhlmann-Jozsa fidelity 
for qubits has an elegant form: 



F(p(u),p(v)) 



1 



1 + u • v + v/i^Kvr^f ] (3) 



where u • v is the inner product of u and v, and |u| is the 
magnitude of u. 

We know that for general quantum states, the 
Uhlmann-Jozsa fidelity has no simple form like the case 
of qubits. To use the simple form of fidelity we note 
that in [8], the authors introduce a new fidelity, called 



super-fidelity, defined as 



G{p uP2 ) := Trp lP2 + ^(1-Trp 2 )(l 



Trp 2 ) 



(4) 



and it was proved that when p\ and p 2 are two qubits, 
super-fidelity G(p±, p 2 ) coincides with Uhlmann-Jozsa fi- 
delity F(pt,p 2 ). 

The super-fidelity G(pi,p 2 ) has some appealing 

properties[8, 9, 10]. Let p u = + W ^p^ A.u) be 
the density matrix of a qunit(Af x N quantum state), 

where / is the N x N unit matrix, A = (Ai, A2, ...Ajv^-i) 
are the generators of SU(N), and u is the (A^ 2 — 1)- 
dimensional Bloch vector. Then super-fidelity can be 
rewritten as G(p u ,p v ) = -^[1 + (N — 1) x u.v + (A — 
1) x - |u| 2 )(l - |v| 2 )]. This shows that super-fidelity 
only depends on the magnitudes of u, v and the angle 
between them(that is, u.v). This property make super- 
fidelity easy to calculate, and has a clear geometrical in- 
terpretation. 

Moreover, very recently, it was found that super- 
fidelity play an important role in quantifying entangle- 
ment [11]. So it is natural to study the property of super- 
fidelity in further step. 

Recall that super-fidelity by itself is not a metric. It 
is a measure of the "closeness" of two states. If we say a 
function d(x, y) defined on the set of quantum states is a 
metric, it should satisfies the following four axioms: 

(Ml). d(x,y) > for all states x and y; 

(M2). d(x, y) = if and only if x = y; 

(M3). d(x, y) = d(y, x) for all states x and y; 

(M4). The triangle inequality: d(x,y) < d(x,z) + 
d(y, z) for all states x, y and z. 

For super-fidelity, one can define the following three 
functions[10]: 



A(p, a) := arccos \J G(p, a), 
B(p,a) := y 2-2VG(^y, 

C(p,<7) := ^1-G(p,<7), 



(5) 
(6) 
(7) 
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It was proved in [10] that C(p, a) is a genuine metric, 
that is, it satisfying the axioms M1-M4, while A(p, a) 
and B(p,a) do not preserve the metric properties. 
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The purpose of this paper is to introduce a novel 
method to define metric of quantum states based on 
super-fidelity. Surprising, we find the metric induced by 
the new method coincides with the metric introduced in 
[10] for the qubits case, and the new metrics have deep 
connection with spectral metric. Also we find the new 
metrics possess some appealing properties which make 
the metrics very useful in quantum information theory. 
The paper is organized as follows: In Sec. II, two new 
metrics were defined, and the metric character of the met- 
rics were established. In Sec. Ill, intrinsic properties of 
the two metrics were discussed. Conclusion and discus- 
sion were made in the last section. 



II. METRIC INDUCED BY SUPER-FIDELITY 

The most widely used metric may be trace metric, 
which was defined as 

D tr (p,a) = ^Tr\p-a\ (8) 

On the other hand, one can define other types of distance 
measures for quantum states, and these measures also 
have their own advantages, see [1, 8, 10, 11, 12, 13, 14, 
15, 16, 17]. 

Let us define a new metric of states as follows: 

Dg(p, c) = max |G(/3, r) - G(cr, r)| (9) 

T 

where the maximization is taken over all quantum states 
r (mix or pure). We call this metric Dq(p,ct) as the 
G-metric, and the state r that attained the maximal is 
called the optimal state for the metric Dc(p, cr). 

The above definition of metric may be not easy to cal- 
culate. So we can change its definition slightly. If r 
is a pure state, then super-fidelity can be simplified as 
G(p,r) — Tr(pr), hence one can define another version 
of metric as follows: 

D PG (p,a) =max|G(p,r)-G(a,r)| (10) 

T 

where the maximization is taken over all pure states r. 
We call this metric Dpc{p 1 cr) as the PG-metric, and call 
the pure state r that attained the maximal as the optimal 
pure state. 

First we consider the case of qubits. 

Proposition 1[17]. For the qubit case, Dpc(p, cr) equals 
to the trace metric, namely Dpg(p 7 ct) — D tr {p,cr) = 
lTr\p-a\. 

We can connect our metric with the metric introduced 
in [10] as following: 

Proposition 2[17]. For the qubit case, Dc{p,cr) — 
C(p,a) = y/1 -G(p,a). 

Now we come to discuss the case of qunit(i.e., N x N 
quantum states). In this case, if r is a pure state, then the 
super-fidelity has a simple form: G{p,r) = Tr(pr), this 
make the PG-metric easy to study. So we first show the 



metric character of Dpq{p, cr), where the optimal state 
r is restricted to pure state, and then turn to show the 
metric character of Dq (p, cr) . 

We need the following concepts: For two quantum 
state p and cr, let Ai, (i = 1, 2, 3, n), be all eigen- 
values of p — cr, and arranged as Ai > A2 > ... > A„. 
Define E(p, a) := max A,. We can give an interpretation 
of E(p, a) as follows: Let p and a be two quantum states, 
then the following is well known(for example, see [20]): 

E(p,a) =maxTr[r(p-o-)], (11) 

r 

where the maximization is taken over all pure states r. 

Note that generally E(p, cr) is not a metric, since 
E(p, cr) may not equal to E(a, p), but we can symmetrize 
it as: 

Ds(p,cr) := m&x{E(p, cr), E(a, p)] = max|Ai| (12) 

where |Aj| is the absolute value of A^. From the knowledge 
of matrix analysis, we get that Ds(p,cr) equal to the 
spectral metric between p and cr, which was defined as 
the largest singular value of p — cr, hence we know that 
Ds(p, cr) is in fact the spectral metric. Moreover, we have 
the following: 

Proposition 3 [17]. For quantum states p and cr, 
D PG (p 7 cr) — Ds(p,cr), that is, the PG-metric is noth- 
ing but the spectral metric. 

Now we know that the PG-metric is in fact the spectral 
metric, so it is a true metric. In the following we shall 
prove that the G-metric is also a true metric. 

Theorem 1. The T-metric Do{p,cr) as shown in Eq. 
(9) is truly a metric, i.e., it satisfies conditions M1-M4. 

Proof. From the definition, it is easy to prove con- 
ditions All and M3 hold. What we need to do is to 
prove conditions M2 and M4. If p = a, then of course 
Dg(p,o~) = 0. If Dq{p,ct) — 0, we will prove p = a. 
From the definition, we know that Dc{p, cr) > Dpc(p, cr), 
so we get Dpo{p,cr) = 0, since Dpc(p,cr) is a true 
metric, we get p = a. Now we come to prove M4, 
the triangle inequality Da(p 1 cr) < Dq(p,t) + Dg(ct,t). 
Dg(p,ct) = max | G(p,r) — G(cr, t)|, and suppose r is the 

T 

optimal state that attains the maximal, so Dq (p, a) — 
\G(p,r) - G(<7,t)|. Assume that \G(p,r) - G(a,r)\ = 
G(p,r) — G(cr,r), then we get G(p,r) — G(ct 7 t) = 
G(p,r) - G(w,t) + G(w,r) - G(<j,t) < \G(p,r) - 
G{w,t)\ + \G(w,t) - G(ct,t)\ < D G {p,w) + D G {w,a). 
Thus one finally has Dc{p,cr) < Do{p,w) + Do(cr 7 w). 
Theorem is proved. 



III. PROPERTIES OF D G AND D PG 

We know t hat for qub its, Do has a clear form as: 
Dg{p,ct) = \]\ — G(p, cr), how about higher dimension? 

For the qu nit case, on e does not have the relation 
Dq{p, cr) = y/l — G(p, cr) as in Proposition 2. 
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However, the following upper bound holds: For qunits 
p and a, the following relation holds: 



VTT=T\vl-v\ 



D G (p, a)<sj 2X{N N l) x y/l-G(p,a) (13) 

Proof: Let p = p(u), a — cr(v) and r = r(w), where 
u, v, w are the corresponding Bloch vectors of the states 
p, cr, r, then one obtains 



\G(p,r) - G(a,r)\ x 



N 



N-l 



(u — v) • w + V/1-|W| 2 (V/1-|U| 2 - y/1- | V | 2 ) 



< |u — v||w| + \f\ 



w 



u 



(14) 



= J [2 - 2u.v - 2y/l- |u| 2 v/l- |v| 2 ] 



Vl-G(p(u),a(v)). 



Now we will discuss the inequality (13) in more detail. 
When N = 2, i.e., in the case of qubits, we get that 
inequality (13) becomes equality, that is, Dq{p 1 (j) — 
\J\ — G(p, a). But for higher dimension, the equality 
sign does not hold in general. Why? 

The reason is subtle. When the equality sign holds, 

i.e., D G (p(u),a(v)) = ^1 - G(p(u), a(v)), 

then the inequality (14) need to be quality, that means 
the optimal state r = r(w) is always attained, where 
w is a vector that parallels to u — v, and |w| = 

= , but in fact we can not always get 



y2^1\yi-G(p(u),p(v))' 

such optimal state. Because such an operator r(w) may 
not be a density operator! We will explain it in the fol- 
lowing. 

It is well known that every N x N density matrix 
can be represented by the (iV 2 — l)-dimcnsional Bloch 

vector as: p(u) = -^(7 + \J N( - N 2 ^ 1 l A .u), but the con- 
verse is not true, i.e., not all operator of the form 
y / jV (^~ 1 ) ~ / \ .u) is a density matrix, where u is an 

arbitrary (iV 2 — l)-dimcnsional Bloch vector. Note that a 
density matrix must satisfy three conditions: (a). Trace 
unity, Tr(p(u)) = 1. (b). Hermitian, p(u) + = p(u); 
and (c). positivity, i.e., all eigenvalues of p(u) are non- 
negative. 

Indeed, the operator -L(7 + \J Nt " N 2 ~ 1 ^ ^ - u ) automati- 
cally satisfies the conditions (a) and (b). However, not 
every vector u, |u| < 1, allows p(u) satisfies the positive 
condition (c), for example, see [18]. 

To get that inequality (14) becomes equality, we need 
that the optimal state r = t(w) is a density matrix, 
where w is a vector that parallels to u v, and |w| = 



■■, but this is not always true in gen- 

eral. So we can only get the inequality (13). 

The following counterexample will show that strict in- 
equality will occur. 

Example 1. Let |V>) = ^r|00) + ||H>, \<t>) = ||00) + 
^|11). Define p = \ip)(ip\,a = \4>){<j>\, then we get that 
D G (p, a) = I while x ^l-G(p,a) = yf* > \. 

Now we will study the intrinsic properties of the G- 
metric D G and PG-metric Dp G . We are interested in 
the following properties: 

Property 1: contractive under quantum oper- 
ation, suppose T is a quantum operation, i.e., a com- 
pletely positive trace preserving (CPT) map, and p, a are 
density operators, we say a metric D(p, <r) is contractive 
under quantum operation, if the following holds: 



D(T(p),T(<r))<D(p,a) 



(15) 



Why we study the property of contractive under quan- 
tum operation? It has a physical interpretation [14]: a 
quantum process acting on two quantum states can not 
increase their distinguishability. 

Property 2: joint convex property, we say that 
the metric D(p, a) has the convex property, if pj are prob- 
abilities, then 



D (J2 p i Pi ' Yl p i a -' ' Yl p 3 D (Pi' a i ) 



(16) 



The joint convex property also has a physical inter- 
pretation [14]: the distinguishability between the states 
^2jPjPj and ^jPj&j, where pj is not known, can never 
be greater than the average distinguishability when pj is 
known. 

We know that the Uhlmann-Jozsa fidelity F(p, a) has 
the CPT expansive property: If p and a are density 
matrices, $ is a CPT map, then 



F(Mp)^(a))>F(p,a) 



(17) 



We may guess that the super-fidelity G(p, a) also has 
the CPT expansive property, the following counterexam- 
ple shows that this property does not holds. 

Example 2 [10]. Let 



A = 



/ 

10 



\0 1 



D 



/oooo 

10 


Vo o o i 



Define $(7) = AjA + + B-fB + , where 7 is an arbitrary 
density operator, then we defined a completely positive 
trace preserving map. 
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Let p and a be the density operators defined by 
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One then easily obtains G(p,a) > G($( i o), 
which shows that the CP expansive property property 
does not hold for super-fidelity 

So we get that the metric C(p,a) := \J\ — G(p, a) 
introduced in [10] is not contractive under quantum op- 
eration. 

However, we can prove the following: 

Theorem 2. The PG-mctric Dp G (p,a) is contractive 
under quantum operation, that is, D pq{4>(p) , <j>(a)) < 
D PG {p,a). 

Proof. Suppose 7 is the optimal pure state for quan- 
tum states 4>{p) , (f>(a) , so we get D pc{<f>(p) , 0(f)) = 
|G(<Xp), 7 ) ~ G(0(a), 7 )| = |(Tty(ph) - WW7)| 

Let be a quantum operation, and denote 7 := </>*( 7 ). 
Then we have 



Pi and <7j be density operators with the indices from the 
same index set. Then 

Dp G (^2piPi,^2pi<?i) < ^2piDp G (Pi,Vi) (18) 

it i 

We know that Dpo(p,o-) = Ds(p,cr) = 
msix(E(p, a), E(cr, p)), so we only need to prove the 
following holds: 

E{^2piPi,^2piO-i) < ^2piE(pi,o-i) 

i i i 

since E(p,a) = maxTr(7(p — a)), where the maximiza- 

7 

tion in the right hand is taken over all pure states 7, then 
there exists a pure state 7 such that 

Ei^PiPU^PiVi) = ^2/Pi^{l{Pi-^i)) < ^2PiE(pi,0-i). 



The proof is complete. 

We also find that, the metric Dq is not joint convex. 
However, numerical experiment shows that its square is 
joint convex, that is, the following holds: 

D 2 G ((X Pl + (1 - A)p 2 ), a) < XD 2 G ( Pl ,a) + (1 - X)D 2 G (p 2 , a) 



IV. CONCLUSION 



Dp G (4>(p),<f>(a)) 
= |(Tr0(p) 7 ) - {Tr<f>(ah)\ 
= |(Trp^(7))-(Tra^(7))| 
= |(Tr P7 ')- (Tr<7 7 ')| 
< D PG (p,a) 

Theorem is proved. 

Note that the PG-metric is in fact the spectral metric, 
and it was proved in [22] that spectral metric is contrac- 
tive under quantum operation, here we give an elemen- 
tary proof, our method is quite different from that of 

How about the G-metric? Numerical experiment 
shows that the G-metric Dq (p, a) is not contractive un- 
der quantum operation. 

Now we discuss the joint convex property. 

Proposition 4- (joint convexity of the PG-metric): Let 
{pi} be probability distributions over an index set, let 



In summary, we have introduced a new way to de- 
fine metric of quantum states from super-fidelity. We 
find that, for qubit case, our metric Dq coincides with 
the metric C(p,a) introduced in [10]. We proved that 
the metric Dp G is contractive under quantum operation, 
while the metric Dq does not behave monotonically un- 
der quantum operation. Also, we rigorously proved that 
Dpc is joint convex, and numerically proved that the 
square of Dq is joint convex. All these show that the 
metric Dq is worthwhile studying. 
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